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Answer key for tutorial 1. Algebra 2

Exercise 1 Question 3. (1.) (E3,+) a commutative group (to be verified ).
(II.) VYu,v € E3, Vo, B € R,
a./ a. (u+v)=ou+oav . Indeed we have :

a.(u+v) = a ((uy), + (vn),) = (U, +v,), = (@ X (u, +vy)), = (X u, +a X vy,),

= (aXu,),+(axv,), =a(u), +a(v,), =ocu+av

b./(a+8)u = (a+8).(u,), =(a+5)xu,), =(@Xu,+ 8 xXu,), =(aXu,), + (8 Xu,),
= . (un), + 5. (u,), =au+ fu

c./ (axpB)u = (axpf). (u,), =(axp)xXu,), =(ax(Bxu,)), =a(xu,),
= (B (un),) = o (B)
d./ Lu=1.(uy), = (1 X uy,), = (u,),

Exercise 2 Question 3.

1. @ 1s commutative. Indeed
V(z,y), (s,t) € R (2,y) @ (s,1) = (x.5,y.t) = (s.z, t.y) = (s,8) D (z,y), (7.7 is the multiplication
in R).
2. (1,1) s the identity for the operation &. Indeed : ¥(z,y) € R? (x,y) & (1,1) = (z.1,y.1) = (z,y) .
3. The inverse : V(x,y) € R2 3" (2',y') € R? such as : (z,y) ® («',y) = (1,1), we have
(z.a',yy)=(1,1), thena’ =1 and y = é The element (0,0) has no symmetrical element.
Then (R?, @, ®) is not a group, and therefore (R?, &, ®) is not a vector space.

Exercise 3 K =R.
1. E=TR?
— (0,0) ¢ Ey, then E; is not a subspace of E.
— FEy is a subspace of E. Indeed we have : 2 x 04+ 3 x 0 = 0 therefore (0,0) € Es.
V(z,y), (@', y) € Ey i.e. 2+ 3y = 0 and 22’ 4+ 3y’ = 0 then a(2x + 3y) + S(22" + 3y') = 0 and then
(ax + B’ ay + BY') = a(z,y) + B (2", y') € Es.
— (=2,4),(3,-1) € E3 (zy <0) but (—2,4) + (3,—1) = (1,3) ¢ E5. E3 is not a subspace of E.
— (1,2) € B4, (1 <2) but (—1)(1,2) = (—1,-2) ¢ E4. Ej is not a subspace of E.
2. E =C(R,R) The set of continuous functions from R into R.
First, let’s note that the null function is an element of E.
Let f,g € By , [(0) = f(1) and g(0) = g(1), then Yor, 5 € R, (a.f + 5.9) (0) = (0.f) (0) + (.9) (0)
Z0f(0) + B9(0) = af(1) + Bg(1) = (a-f) (1) + (B9) (1) = (0] + F.9) (1),
Then a.f + .g € Ej.
3. E=Ry[X]|={P=0aX*+bX +c /a,bceR}
— Ey={P € E /P(0)=2}is not a subspace of E because the null polynomial is not an element of
El.
— Ey={Pe€FE /P(x) >0,V €R}. Let P € Ey such that P' (z) > 0,Vx € R, fora <0, aP ¢ E,
because (aP(x)) = aP' (z) < 0. Then E, is not a subspace of E.



Vector families

Exercise 4 Specify whether the following vectors {ey, - - - } form a linearly independent or generating family.
Express, if possible, the vector "a” as a linear combination of the vectors ey, es,e3 of E, in each of the
following cases

1.

2.

E =R e; =3. {e1} is linearly independent because e; # 0.
VeeR, Ja=35€cR/, x=ae =53 Then {ei} is a generating family.
E=R2%e = (1,1),e5 = (—1,2),e3 = (1,0), a=(2,4).

Take note Any K—wvector space family containing a generating family is itself generating family.

{e1,e3} is a generating family : V(z,y) € R?2, Ja,B € R/, (2,y) = ae; + fes =z =a— 3 and
y=a,thena=yand f=a—x =y —x.
{e1,e3} is a generating family, then {ey,es, es}is a generating family.

card{ey, ez, e3} = 3 > dimR? = 2, then {ey, 2, e3} is not linearly independent.
a=(2,4) = 4ey + Oeg — 2e3

E=R3e = (1,1,0),es = (1,0,1),e5 = (0,1,1), a=(L,1,1).

{e1,e2,€e3} is a generating family :

V(z,y,2) € R3 Fa,B,7 €R/, (z,y,2) = aes + Bes + ves which gives
t=a+pf,y=a+vand z= [+ and we find v = ==, =T and o = L

Then {e1,es,e3} is a generating family.

a=(1,1,1), wehawwvex=y=2=1, a=p=vy=1/2. Thena:%el+%eg+%e3.

{e1, €2, €3} is linearly independent. To be verified.

E=Ro[X], e1=143X, es=X>—X, es=X?+1, a=X>+X+1, a=X>

{e1, e2,e3} is linearly independent : Vo, B,v,€ R, cey + Bea + e = Opyie) = a = =y = 077
a(143X)+8(X*=X)+7(X?+1) = 0X?+0X 40 = (B+7)X*+(Ba—B) X +(a+7) = 0X?+0X 40
which gives : f+~v=0, 3a—pF=0anda+y=0andsoa=p=~v=0.

{e1, €2, €3} a generating family : VP = aX?*+bX +C € Ry[X], 37?0, 8,7,€ R/ P = ae;+Pea+es.
aX?+bX +C=a(14+3X)+B(X? - X)+v(X?+1)=(B+7)X*+ Ba— B)X + (o + ) which
gives :

B+v=a, 3a—p=0banda+v=cand so

a=(1/2)a+ (1/2)b— (1/2)c, B =(3/2)a+ (1/2)b— (3/2)c and v = (3/2)c — (1/2)b — (1/2)a.
Fora=X*+X+1, a=b=c=1,thena=1/2, f=1/2andy=1/2

ie. X2+ X +1=1/2(143X)+1/2(X? - X) + 1/2(X? + 1).

a= X3¢ Ry[X], so we can’t write a as a linear combination of the vectors ey, e, e3.

E=CR,R),e; :x+—x, eg:x+>cosx, e3:xT+ sin.

{e1, e9,e3} is linearly independentis : Vo, 5,7, € R, ae; + Pea + ves = Oerpry = a = f =7 = 0.
Indeed :

ey + 662 + ves = OC(R,R) &V € R, (0661 + 562 + ")/63) (1‘) = OE(.I) =0 ide VreR,

aey(z) + fea(x) + yes(x) =0 i.e Vo € R, ax + fcos(x) + ysin(x) = 0. The equality holds for all x
in R then :

For x =0, we have : =0,

for x =7/2 : we have, ar /2 + v =0,

for x =x : we have,ar — [ = 0.

Which gives a = =~ = 0.

We can’t write a : © — cos® x as a linear combination of the vectors ey, es, e,

then {e1, e, e3} is not a generating family . a



Exercise 5 .

Reminder

— VYA e K—{0}, span{vi,va,...,v;..., 00} = span{vy,va, ..., Av;, ..., 5}
— VA ek, span{vi, v, ... v, 05, .. 00} = span{vi, va, ..., U+ AV, 05, U )
A={v1(2,0,—1),v9(3,2,—4)} B = {w(1,2,-3),wy(0,4,-5)}

span {01(2, O, _]-), U2(37 2a _4)}
T span {(2,0,—1), (1,2, —3)}

— (’U1 721}2)*}’01

= span{(0,4,-5),(1,2,-3)}
= span{w(1,2,—-3),wy(0,4,—5)} = span {B}

A= {o(1,1,1,1),02(0,1,2,1), 05 (1,0, -2, 3) ,v4 (1, 1,2, —2)}
Ya, 8,7,0 € R,
vy + Bus + Y05 + 6vg = Oga == a(1,1,1,1) + B(0,1,2,1) +v(1,0,—2,3) + 6 (1,1,2,—2) = (0,0,0,0)
Gives the following system
a+08+~+86=0
a+B+0y+35=0
a+20—-2y+2=0
a+pB+3y—20=0
Note that : 2v1 = vy + v3 + V4.
A is not linearly independent, then rank (A) < 4
A ={v1(1,1,1,1),v9(0,1,2,1),v5 (1,0, —2,3)} is linearly independent, so rank (A) = 3.
(1,1,, 8) € span (A) = span (A") < I, A, A3 € R / (1,1, a, B) = Avg + Agve + A3u3
AM+0+A3=1
)\1 + )\2 + 0)\3 =1
)\1+2/\2—2>\3:Oé
M+ X +3N =0

The solution is : [« = =26, 5 = 0,y = ¢].
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