DEPARTMENT OF COMMON CORE (COMPUTER SCIENCE) ING 1sT SEM 2 2023-2024

Answer key for tutorial 1 (continued). Algebra 2

Exercise 1 1. E={(z,y,2) €eR3/ 2+2=0, 2+y—22:=0}={(z,9,2) ER3/ 2= -z, y= 32} =
{(x,-3z,—z) eR®/ zeR}={z(1,-3,-1)/ z€R}
E=Vect{w=(1,-3,-1)}.
{w = (1,-3,—-1)} is linearly independent because (1,—3,1) # (0,0,0). Then dimE = 1.
2. F =span{u=(1,-2,1),v = (2,0,1)} is linearly independent :
Va, € R /au+ fv =0 = a(1,-2,1)+ £(2,0,1) = (0,0,0)
then (a4 268, —2a,a + ) = (0,0,0) = o« = 8 = 0. Then {u,v} is a basis of F' and so dim F = 2.
5. ENF={(z,y,2) €R’/ (2,y,2) € EN(2,y,2) € F}.
B a€F<+= JreR/a=(x,-3x,—x)
Leta=(z,y,2) € ENF, thena € £ and a € F, wehcwe{ 0 F <= Ja,fcR/a-aut fv
a=ao(l,-2,1)+ [(2,0,1) then (x,—3z,—x) = (a + 26, —2a, a + )

r=a+28, -3r=—-20and —x =a+pfie a+2=—-a—pF and —2a = 3(a + ) then
a=/p=0.
ENF={0,0,0)} and dim(ENF)=0.

4. E+ F={X+ X'/ X € FE and X' € F} = span{w,u,v}.
We can verify that {w,u,v} is linearly independent then {w,u,v} is a basis of E+ F.
dimE + F = 3.
We have also dim(E + F) = dim(E) + dim(F) —dim(ENF)=142—-0=3

5. R®=FE+ F Indeed :
E+ F CR3? ( because E C R® and F C R3, ) and dimR3 = dim(E + F) then R®* = E + F.
We have R* = E+ F and ENF = {(0,0,0)} then R®* = E & F.

u=2(1,-3,—1) = 2w € E, then the coordinate of the vector u in the basis {w} is 2.

Exercise 2

E=Ro[X,PL=X+1,P=X2—1,P=X2—2X +1.

{P1, Py, Ps} is linearly independent : Vo, B,v,€ R,aPy 4+ Py + yP3 = Opype = o= =7=0

We have : (X +1)+B(X2—1)+y(X?—2X+1) = 0X?+0X +0 = (B+7)X*+(a—27) X +(a—B+7) =
0X2+0X + 0, which gives :

B+7=0, a—2y=0anda—F+~v=0and soa=L=~=0.

{Py, Py, P3} a generating family : VP = aX? + bX + C € Ry[X], 3o, 8,7, € R/ P = aP, + P, + yP3
Indeed :

aX?+bX +C = (X +1)+8(X2=1)+7y(X?—2X+1) = (B+7) X+ (a—27) X +(a—B+7) = aX*+bX +c,
which gives :

B+y=a, a—2y=banda—+v=c and so

a=(1/2)a+ (1/2)b+ (1/2)c, B = (3/4)a+ (1/4)b— (1/4)c and v = (1/4)a — (1/4)b+ (1/4)c.

ForP,=—-X?+X+6, a=-1, b=1, c=6,thena=3, f=-2andy=1
e, — X2+ X+6=3(X+1)—2(X*>—1)+(X?—-2X +1).

Exercise 3 F = {(z,y,2) €R*/ z—y+2=0} and G = {(z,x,2)/ =€ R}.
R3=F & G. Indeed :



1. F={(y+2,9,2)/ y,zeR} ={y(1,1,0) +2(1,0,1)/ y,z € R} = span{u=(1,1,0),v = (1,0,1)}.
We check that {u,v} is linearly indepndent, then we conclude that {u,v} is a basis of F and so
dimF = 2.

2. G = span{w = (1,1,1)}. and {w = (1,1,1)} is linearly independent because (1,1,1) # (0,0,0).
Then dimG =1

3. we show that F NG = {(0,0,0)}.

B ac€F < 3JyzeR/la=(y+ 2y, >z
Leta = (x,y,z) € FNG, thena € F and a € G, wehave{ 0 €F = e R/a = (v,7.1)
then (x,xz,x) = (y+ 2,y, 2)
we findx =y=2=0, so FNG ={(0,0,0)} and dimF NG = 0.

4. R® = F + G Indeed :
F + G C R3 because F C R? and G C R?, and
dim(F + G) = dimF + dimG —dimFNG=2+1—-0=3=dimR3, then R* = F +G.
We have R®* = F + G. and FNG = {(0,0,0)} then R* = F & G.

Exercise 4 1. span(u,v) = {a(1,-2,4,1) + 3(1,0,0,2)/ «,5 € R}
={(a+ 58, 2a,4a,a0 + 208)/ «,p € R}.
2. B={u=(1,-2,4,1),v=(1,0,0,2),e; = (1,0,0,0),e3 = (0,0,1,0)} is linearly independent (to be
verified ) then B is a basis of RY. (card(B) = 4 = dimR* ).

3. {u=1(2,3,5),v=(4,6,10),w = (=2, —3,—5)} is not linearly independent, then rank({u,v,w} < 4.
{u=(2,3,5),v = (4,6,10) }is not linearly independent, (v = 2u),
{u=1(2,3,5),w = (—2,—-3,-5)} is not linearly independent, (w = —u) and
{v=1(4,6,10),w = (=2, —3,—=5)} is not linearly independent, (v = —2w).
Then rank({u,v,w} < 2.
{v=(4,6,10)} (for ezample ) is linearly independent, (v # 0), then rank({u,v,w} = 1.



