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Exercise 1 Let the map g: R — {%} — R* be such that :

9

9(r) = 5—

1. Show that g is a bijection.
a/ g injective :

Vo, ze € R— {3}, g(z1) = g(22) = 2351% = 2”9_1 =912z — 1) =922, — 1) = x1 = 9.
b/ g surjective :

Vy € R*, Jz = 9;—;’ eR—{i} Jy=g(a).

We verify that ‘[);“—yy #* % :

t % = % then 9 +y = y which implies that 9 = 0 contradiction, then 9%;’ +# %
1

Suppose tha

g ([=5.2) = g7 ([-5,0) Ug™ ({0} U g™ (]0,2]).
g ({0}) ={z eR*/ g(x) =0} = 0.

We have : (g7') (z) = 225 < 0 which means that the function g'is decreasing, so :
For =5 < x < Owe have g~'(=5) = 2 > g~ *(x) > lim,,o. = —00 then

1 ([=5,0]) = ] —o0, %}
We also find g1 (]0 ) = 4, —1—00[ with g~ *(
We conclude that : g~ ([=5,2]) =

Exercise 2 (Exam January 2023)
We define on R, the composition law x by : Vr,y € R, xxy=x+y— 2.

1. Show that (R, %) is an abelian group.
a/ Ve, y€R, zxy=xz+y—2€R, soR is closed under the operation .
b/ Ve,yeR, xxy=z+y—2=y+x—2=yx*xx, sothe law * is commutative.

¢/ Ve,y,z € R, xx(yxz)=az*x(y+z—-2)=c+y+z-2)—2=(+y—2)+2—-2=(r*y)x*
so the law * s associative.
d/ 37e e R/ VeeRxxe=exx=u.
r+e—2=x=¢e=2.
e/ VeeR Iz eR/ zxrl=slxr=c=2
rxr t=c4+a 1 -2=2=21=4—2
(R, %) is an abelian group.

2. let n € N*. We set 2V = 2 and ") = 2 x 2.

(a) 22 = (1)*x:x*x:2x—2 ®) =3z — 4.
(b) Show that ¥n € N* : 2™ = nx —2(n — 1).
i/ Base case : For n = lwe have : V) = 1o —2(1 — 1) =
i/ Suppose that £ = nx — 2(n — 1) and show that z™+Y) = (n 4 1)z — 2n.
We have : t*Y) =2 s =2 40 —2=nz - 2(n— 1)+ 2 - 2= (n+ 1)z — 2n.
3. Let A={x € R:x is even}. Show that (A,x) is a subgroup of(R, x).
a/ e=2¢€ A



b/ VreAx=2p), YWweAly=2q), zxy=2p*x2q=2p+2q—2=2(p+q—2)€ A
c/Ve=2peAaxt=4—0=4—-2p=22-p) € A

Exercise 3 Let (G,.) be a group, we denote by Z(G) ={x € G/ Vy e G,xy = yz} the center of G.
1. Show that Z(G) is a subgroup of G.
i/ e € Z(G) because ey = ye = y,Vy € G.
it/ Ve, o' € G,xx 1’ €7G.
We have x € G &Yy € G,oy =yr and ' € G & Vy € G, 2"y = yo'.
Then Yy € G, (z2')y = z(2'y) = x(y2') = (zvy)2’ = (yx)a’ = y(xa’) which implies that xa' € G.

iwi/ Vr € G,x7! € G, we must have Yy € G, 2~y = yo~ L.
SoVy € G aly=(y'a) " = (ay) = ya .

Note : vy = z.y, (vy)™t =y 'a7!, e the identity element and v~ ' the inverse of x.

Exercise 4 Let * be a binary operation on R? defined by :
V(z,y), (¢,y) R (2,y) * (2", y) = (v + 2,y + ' + 222)

1. Show that (R? ) is an abelian group.

a/ V(z,y), (@, y) € R?, (z,y)* (2/,y) = (x + 2",y +y + 2z2’) € R?, so R? is closed under the

operation .

b/ V(x,y), (@, y) e R (z,y)x(a,y) = (x+a,y+y +2z2') = (&' +z,y +y+22'z) = (2, y) * (2, y)

so the law * is commutative.

¢/ Y(z,y), (@' y), (@",y") € R?,
((2,y) % (2',9) % (27, 57) = ((w + 2,y + ¢/ + 207)) + (27, ") =

(42" +2"y+y + 2z’ +y” +2(x+2")x”) - (1)
(x y) ((x y> ( 77’y77)) (x y) ($/+.T’7,y,+y” _i_zl,/x??) —
(x+a' +a"y+ (Y +y" +22"2") +22(2" +27)) - (2).

(1) = (2), so the law * is associative.

d/ A?(e1,e0) € R?/ V(w,y) € R? (x,y) x (e1,e2) = (e1,e2) x (z,y) = (z,7).
We have (x,y) * (e1,e2) = (x + €1,y + e2 + 2xey) = (z,y) wich gives :
r+e=x=e=0andy+es+ 220 =y = ey =0.

Then (e, e3) = (0, )

d/ V(z,y) €R% N y™) €RY/ () x (a7 y™) = (270 y7) # (2,9) = (0,0).
(z,y) * (z71 ,y - = (:p—i—a: Ly+y P +2227)=(0,0) =2 +2 ' =0,4e z7'=-x
andy+y t+2zxt =0=y 1 =—y—2z(—2) =222 —y. So (z71,y7) = (—x,22% — y).

2. Show that the curve of equation y = z* is a subgroup of (R? *) which we will denote P.
i.e. P={(x,2%)/ x € R} is a subgroup of (R?, x).

i/ (0,0) = (0,0%) € P,
i/ V(. y), (2',yf) € Ply = a?y =),
we have (z,y) x (2',y') = ( ) * (2, 2?) = (v + o/ 2% + 2% + 2z2)) = (x + o/, (v + 2')?) € P.
iii/ V(x,y) € P, (y=2?),(x7 y ') = (—z,22° —y) = (—z,22? — 2°) = (—x,(—x)?) € P.
3. Show that the map ¢ : (R, ) (P, %), defined by ¢(z) = (z,2%) is a group isomorphism.
(a) Vo,o' € R, ¢p(z +2') = (x + 2, (x + 2)?) = (v + 2/, 2% + 2% + 222') = (v, 2%) * (2, 2?)
(b) & bijective.
Exercise 5
Va,be A, a®b=a+b+1, a®b=a-b+a+b
f:(A+,) — (A,68,R8), given by f(a) =a—1

f an isomorphisme of rings i.e. f an homomorphism of rings and f is bijective.



1. Va,be A, f(a+b)=a+b—-1, and fla)®fb)=(a—-1)d(b—-1)=(@—-1)+(b-1)+1
So fla+b) = f(a)® f(b) (group homomorphism).

2. Similarly, we find Ya,b € A, f(a-b) = f(a) ® f(b).

3. f bijective Vb € A, 3?7 (unique)a € A/ b= f(a) =a—1.
Indeed : Vb e A, Jla=b+1€ A/ b= f(a).

Exercise 6 Z [ﬂ = {a+b\/§/ a,b € Z} subring of R.
1.
i/ 0+0vV2€Z[V2]. SoZ [V2] #0.
i/ VxGZ[\/i] (r=a+b0V2, abel), V! GZ[\/?} (' =d + V2, dVe),

s+ =(a+d)+(b+V)WV2€Z[V2](a+d €Z andb+V €Z).
Then z +1' € Z [V2].

iti/ Ve € Z[V2] (x =a+bV2, a,b€Z) we have —x = —(a+bv2) = (—a) + (-b)vV2 € Z [V2],
((—a), (=b) € Z).
Z [V?2] is a subgroup of (R, +).

2. Ve € Z[V2] (x=a+bv2,a,b€Z), Vo' €Z[V2] (2 =d+VV2d,V€T),

z-2 = (a+bV2) - (d +Vv2) = (ad + 2b) + (ab/ +bd')V2 € Z [\/ﬂ , ((ad" +20V") € Z) and
((al +bad') € 7Z),
thenm-x’eZ[\/?].
Z [V?2] is a subring of (R, +,").



