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FINAL EXAM ANSWERS

Exercise 1 Are the following statements true or false ? Justify your answers.
1. (T). Suppose that (Vn eN,dpelN*":n = pz) A (Hq eIN*/ 2n= qz).

Letne N, n=p?and q*=2n,then 2p®>=q*(p,q € N*), ie V2= % € Q contradiction ( V2 is
an irrational number).

2. (F). The relation R defined by : xRy < cos? x +sin’y = 1 is not anti-symmetrical.
We have OR 21 and 21tRO but 0 = 27

3. (T). (xRy & x —yis a multiple of 5), 2024 = 202074 = 0¥4 =4 and 3¢ 4s0 3N4 = 0.
4.

a/ (T). Letxe BCAUBCAUC, thenxe AvxeC.
IfxeA(and x € B) then xe ANBCANC then x e C.
So (Yxe B, xe&C)whichimplies that BC C.

b/ (F). For example : A ={0}, B={0,1} and C = {1}.

Exercise 2 Consider the map f : R — R defined by : f(x) = V1 + x2.

1.
FH0) = fxeR/ f(x) {0}
= xeR/ fx)=0)
= {erR/ x2:—1}20
fH2) = xeR f(x)=2)
= {xe]R/ 1+x2:2}
= {xelR/ x2:3}
= {-V3,v3}.
f({—\/§,0,x/_} ={fer xel- \FO\/_}}
We have : f(—V3) = f \/_ 2and f(0)=1.
f(i-V3.03 })=
2. We have : f(— \/_ 2 but —V3 = V3 then the map f is not injective.
3. f7L({o}) =0, then ElxelR/ f(x) =0, then the map f is not surjective.

4. Let R the binary relation defined by : Vx e R, xRy & f(x) = f(p).
a/ R is an equivalence relation :

o R reflexive : VxR, f(x)=f(x).
e R symmetrical : Vx,y e R, f(x)=f(y)= f(y)=f(x)

o R transitive : Yx,9,z€ R, (f(x) = f(¥)) A (f(v) = f(2)) = f(x) = f(2)
b/

S

{erR/ xR\/_}

[xeR/ fx)=Ff(2)
{xelR/ 1+x? —3}
(-2

vz}
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5. Let the map g : [0, +oco[ — [1,+00] defined by g(x) = V1+x2.
a/ g is a bijection : ¥y € [1,4+00[,A12x € [0,+00[/ v = VI +x2
We have y = V1 +x2 = x> =y -1 zx:i\/gm, but —\/yz——lez [0, +00, then :
Yy e[1,+c0[,3! (a unique) x = \/ﬁ €[0,+00[/ vy =g(x). Then g is a bijection.
[1,+00[ > [0, +0o0}

X — g lx)=Vx2-1

Exercise 3 On the set G = R\ {—1}, consider the following composition law :

-1
b ¢

X+Y=XY+X+7
1. x*y=#-1, for all xyeG:
Suppose that x+y = =1, then xy+x+y=-11ie x(y+1)=—-(y+1)=>x=

y#—1thenx=-1
contradiction with x € R\ {—1}.

2. Gis an abelian group :

i/ The law (#) is commutative Nx,y € G, X*YP=XY+X+YP=YPX+VP+X=P*X.

ii/ The law (*) is associative :VNx,y,z2€ G, (x*p)*z=(xy+x+p)*z2=(xXp+x+y)z+(Xxp+x+7p)+2z=
XYZ+HXZ+VZ+XY+X+Y+2=x(V2+V+2)+x+ (2+V+2)=x(v*2) +x+ (V*2) = x* (v *2).

iii/ 3%e € G/ Vx € G,x+*e =exx = x. (*) is commutative then we simply find e € G such that x+e = x so
xe+x+e=xoe(x+1)=0, x=-1thene=0.

v/ Vxe G,A € G/ x»x"=x"+x=e=0. (%) is commutative then, Vx € G, we simply find x" € G such
that x+x' =0soxx’+x+x' =0 x' (x+1)+x=0=x"= 7 withx # -1

3. Let H={xeRR, x>-1}. (H,*)isasubgroup of (G,

i/ (e=0)>—1then 0 € H.

ii/ Vx,y € H,x+y €?H.
We have x,y e H & x > -1 and y > -1 then x*y = xy+x+y = x(y+1)+(y+1)-1 = (x+1)(y+1)-1 > -1,
since (x+1)(y+1)>0. Then x+y € H.

iii/ Vxe H(x>-1), x~'e?H.

Wehavex‘lzx+1 =7 +1>0.Then 5 +1= x+1+§jj —L- > 0 since x > 1.
4. Let f : ( — (R\ {0}, ) be the application deﬁned by f(x)=x+1.

a/ We have Vx,y €G, f(x*y)=flxy+x+y)=(xy+x+y)+1=(x+1)-(v+1)=f(x):f(v). Then f is
an homomorphism of groups.
5. We show by induction that

Vn>2, xsxx---xx=(x+1)"-1
—————

ntimes
a/ Base case :For n =2, we have : (x+x)=x>+x+x=(x+1)* - 1.
b/ Inductive step : Assume that x+x*---*x = (x + 1)" — land show that x+x*---+x = (x + 1)""1 — 1,

N — S——
ntimes (n+1)times
We have :
X*XHkeo %X = X*X¥+++%X*X
— —
(n+1)times ntimes
= (x+1 —1)*x
= (x+1)"-D)x+((x+1)"-1)+x

) x—x+(x+1)"-1+x

X+
x+1)'x+(x+1)'-1=(x+1)"-(x+1)-1
X+ )TH—]_]“

(
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=
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