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Solutions

Solution 0.1 .
1) The matriz D is similar to A, then
D =P AP,

such that P is a square matriz and is nonsingular. This leads to
detD = det(P 'AP)
= det(P1)(det A)(det P)
1
= ——(det A)(det P)

det P
= detd

2) We have that X is an eigenvector of A
AX = MX.

Then, we find
PAP7'X = \X.

This yields
D(P™H)X = \(P'X).
If we take that
Z=P X,

we get
DZ = \Z.

Finally, we deduce that Z = P~1X is an eigenvector of D.
Solution 0.2 . We have that A and D are similar, then

D =P AP,
which leads to

det(D —XI) = det(P™'(A—\)P)
= det(P~ 1) det(A — X)det P
1
= 3otP det(A — AI)det P
= det(A— \)

Solution 0.3 .
det(A —XI) = det(A— )T
det(AT — AIT)
= det(AT — )
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Solution 0.4 .
1) The characteristic polynomial of A is given by

p(A) = det(A— )

4= 1

9  4-)
= (“4-)2*-9
= N _8\+7

2) We take
pA) =N =8\+T7T=A-1)(A=17) =0,
then, the eigenvalues of A are Ay =1 and Ao = 7.

The eigenvectors of A are given by
If A\ =1, then we get

(A—MI)X; = (

o w
W =
~—
7N
55
~—
I
—

This yields

3r1+x2 = 0
9931 + 31‘2 0
Here, we have x5 = —3x1. Then, the eigenvector corresponding to \1 is given by

w-(4)

If Ao =7, then we get

This yields

—3r1+x0 =

9.’171 — 3$2 =

Here, we have x9 = 3x1. Then, the eigenvector corresponding to Ao is given by

(1),

3) Yes, the matriz A is diagonalizable.
4) The matriz P is

and
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such that

Finally, we obtain

PlAP =

DO N |
o
=2}

7 N\
©
>~ =

N~

7N
(-
w
W =

N~~~
Il

N
S =

Solution 0.5 .

1—-A 2 -3
det(A— ) = 1 1-x 2
1 0 3—A

— (1-N(-2)

Then, the eigenvalues of A are \y = 1 and Ao = A3 = 2. Now, we need to find the eigenvectors of A.
If \y =1, we get

0 2 -3 1 0
(A — )\1[)X1 = 1 0 2 T2 = 0
1 0 2 T3 0
3
Here, we have x1 = —2x3,12 = 5T3- Then
—2
3
X, = Z
! 2
1
If Ao = A3 =2, we get
-1 2 =3 T 0
(A — )\QI)XQ = 1 —1 2 ) = 0
1 0 1 T3 0
Here, we have x1 = —x3 and xo = x3. Then,
-1
X5 = 1
1

Finally, we deduce that A is not diagonalizable.
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Solution 0.6 .

det(A—AI) = 0 3-Xx 4

= 1+MNA-=-MNHA+N

Then, the eigenvalues of A are \y = —1, Ao =4 and A3 = —4. Now, we need to find the eigenvectors of A.
If \y = —1, we get

0 1 1 1 0
(A — )\1])X1 = 0 4 4 T2 = 0
-9 4 -2 T3 0
-2
Here, we have xo = —x3 and x1 = ?Zg. Then
-2
X1 _31
1
If Ao = 4, we get
-5 1 1 T 0
(A — )\QI)XQ = 0 -1 4 X9 = 0
-9 4 =7 X3 0
Here, we have xo = 4x3 and x1 = x3. Then,
1
Xo=1 4
1
If \3 = —4, we get
3 11 1 0
(A—/\3I)X3 = 0 7 4 T2 = 0
-9 4 1 T3 0
4 1
Here, we have xo = —?I?, and r1 = —?ch. Then,
1
7
Xy=| _4
7
1
Then, the matriz P is
2 1
R
P = 4
_]_ 4 _ )
7
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and - <
Looal s A s
401 7 21 A
A
3 3
Finally, we obtain
672 168 0 9 1
280 280 ~1 1 1 -5 1 == -1 0 0
3 7
P—lAP:_6830115 0 3 4 14 2= 0 4 0
@ ,%qj @ -9 4 =3 1 1 17 0 0 —4
40 120 120
Solution 0.7 .
1—A 3 1
det(A—AI) = 0 4— )\ 2

26 24 6-X
= A+2)A+1)(14-N)

Then, the eigenvalues of A are A\ = —2, Ao = —1 and A3 = 14. Now, we need to find the eigenvectors of A.
If \y = =2, we get

3 3 1 1 0
(A — )\1])X1 = 0 6 2 T9 = 0
26 24 8 T3 0
Here, we have x3 = —3x2 and x1 = 0. Then

0

X = 1

-3

If Ao = —1, we get
2 3 1 1 0
(A — )\2[)X2 = 0 5 2 To = 0
26 24 7 T3 0
5 1
Here, we have x3 = —§x2 and r1 = —ng. Then,

1

4

X5 = 1

D

2

If \3 = 14, we get
-13 3 1 T 0
(A—)\g.[)Xg = 0 —10 2 xTo = 0



Dr. Ahlem Nemer

8
Here, we have x3 = bxo and x1 = E:rg. Then,

8
X5 = 113
5
Then, the matriz P is
o L 2
4 13
pP= 1 1 1 ,
5
-3 —5 5
and
-2 0 0
D= 0 -1 0
0 0 14
Here, we have )
Y = DY,
Then
C exp(—2t)
Y = Cyexp(—t) |,
C3 exp(14t)
Finally, the solution is
1 8
0 1 13 C4 exp(—2t)
X =PY = 1 1 1 Cy exp(—t)
_3 5 5 C3exp(14t)
2

Then 1 g
——Cyexp(—t) + ﬁC’;), exp(14t)
X = C1 exp(—2t) + Cy exp(—t) + C3 exp(14t)
—3C7 exp(—2t) — gC’g exp(—t) + 5C3 exp(14t)



