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Solutions

Solution 0.1 .

1) For x € R™, we find

and when < x,x >= 0, we get

then, t1 = x9 = --- =z, = 0. We deduce that r = 0.

2) For z,y € R"™, we have

<zy>

3) For x,y,z € R", we have

4) For x,y € R™ and a real scalar o, we can get

< oar,y >

Finally, we can say that < x,y >

is an inner product

n

i=1

n n
E Tizi + E Yizi
i=1 i=1

<z, z2>+<Yy,z>
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Solution 0.2 .
1) For f € Cla,b], we have
b
<f.f>= [ w®r - 3)

because w(t) = 0 and f2(t) = 0 and when

b
< f>=0 o /w(t)fQ(t)dt:O

s wt)fA(t) =0
< f(t)=0

because w(t) = 0. Then, < f,f >=0< f=0.
2) For f,g € Cl[a,b], we have

b
<fg> = / w(t)f()g(t)dt

/ w(t)g(t) f()dt

<g,f>

3) For f,g,h € Cla,b], we have
b
<figh> = / w(t)(f + g)(Oh(t)dt

b b
- / w(t) f(E)h(t)dt + / w(t)g(t)h(t)dt
= <f,h>+<g,h>

4) For f,g € Cla,b] and a scalar «
b
<afg> = [ wanOewad

b
= o / w(t) f(t)g(t)dt
= a< f,g>

Finally, we can say that < f,g > is an inner product on Cla,b)].
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Solution 0.3

<fg> =

_ Loty

_ ! cos(27) — cos(0))
! (cos(

()

Then, f(t) and g(t) are orthogonal.
Solution 0.4 We have v1 = 1,v3 = x and vz = 22. By employing Gram-Schmidt process, we get

U1:'U1:1.

< v2,uU1 >
Uy = V2 — 2 U1
| ||
f_ll xdx
= S
J-, ldx
1,22,
T — 5[7]—1
= =z
2 < U3, U; >
us = V3 Z
= Ju
v < v3,u1 > < V3, U2 >u
= 2
S EE s |12
1 1
9 _1x2dx 1:133dm
= x _— J—
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Solution 0.5

|| %m—vg) 2 = <\%<m—v2>,\%<vl—v2>>
= %(<Uhvl>—<U27U1>—<U1,vg>+<v2,v2>)
1
= §(<U1,v1>+<vz,vg>)
= 1
| (o) B = < (o + ) (o +0a) >

1
= §(< V1,01 > 4 < V2,01 > + < v1,U3 >+ < Vg, V2 >)

1
= S(<vno >+ <wvyvy>)
= 1

1
< 7(1)1 — ’U2>7

V2

(U1+UQ)> =0

Sl

Solution 0.6 .
1) For a scalar o € Y and for x,y #0

0 |~ ay|?

N

<T—Qy,r—oy >
= [z a<zy>—al<yz>-aly|?.

<Y, Tr > .
We take@ziny T|2 . This leads to get
Yy
<y, >< T,y >
e
|yl
2 |<.’E,y>‘2
= 2 ———5—
Iyl
Then, we have
|<zy>|=<lzlllyl
2) For x,y € V
lz+y|*> = <z+yz+y>
= lzlP+<zy>+<ya>+|yl?
< lzilP+2lalllyl+1yl?

Ul + 11y )2

Then, we deduce that
[z+ylsllal+ [yl



