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Algebra standard correction 2. First part.

Exercise 1

We prove that

1. AUBCANB and

2. ANBC AUB

1. AUBCANB&VYreE,xc AUB=x¢€ ANB.
Letv € AUB <z € FEandx ¢ AUB, thenx € E and (v ¢ ANz ¢ B) which implies that
(xe ENx ¢ A)and(x € ENT ¢ B) i.e.x € ANB.

2. ANBCAUB&VreE,xe ANB=xzec AUB.
Letzr e ANBe (re ENx ¢ A) and (x € ENx ¢ B) i.ex € EN(x ¢ ANz ¢ B) which implies

that v € E and x ¢ AUB. i.e. z € AUB

Exercise 2 Let E be a non-empty set. By contraposition we Prove that :

1.VAJBeP(E): A#B=AUB# ANB.
We have : A# B< v € E/Jt € ANx ¢ B (orz € BAx ¢ A).
We have v € AC AUB sox € AUB and x ¢ B = x ¢ AN B which implies that AUB # AN B.

2. By contraposition we Prove that :
VA, B,Ce P(E):B#C = (ANB#ANC and AUB# AUCQ).
We have B# C < Jdz € E/ x € BAx ¢ C. Two cases are then possible :
a/ v € A.
We havex € ANv € B=x€ ANB andx ¢ C = x ¢ ANC, so we conclude that ANB # ANC.

b/ x ¢ A.
We havex ¢ ANz ¢ C =2 ¢ AUC andx € B= x € AUB, so we conclude that AUB # AUC.

Exercise 3 Symmetric difference
Let A and B be two parts of a set E. We call the symmetric difference of A and B, and we denote AAB,
the set defined by :

AAB =(AUB)\ (AN B).

1. Show that AAB = (A\ AN B)U (B\ AN B). Let’s proceed by double inclusion.
Let us show that AAB C (A\ ANB)U(B\ AN B). Let x € AAB. By definition, x € AU B,
therefore x € A or x € B. Suppose first that x € A, the other case being symmetrical. By definition
of the symmetric difference x ¢ AN B, we therefore have x € A\ AN B. By symmetry, if x € B,
we will have v € B\ AN B.
Conclusion : We have shown that for all x € AAB, we have x € (A\ ANB) orxz € (B\ ANB)
i.e AABC (A\ANB)U(B\ANB).
Let us show that (A\ ANB)U (B\ AN B C AAB). The proof is similar.

2. AAE=E\ A=A
AAA =) and AAD = A.

3. Suppose AAB = AN B. Prove by contradiction that : A =10, (B = ().
Suppose AAB = AN B. To show that A= B = (), we just need to show that A =), because A and
B play symmetrical roles. Let us therefore show that A = ().
Suppose absurdly that there exists a € A. Two cases are then possible :

a/ 1st case : a € B.
We have a € AN B = AAB. However, by definition of the difference symmetric, a ¢ AN B, a
contradiction.



a/ 2nd case : a ¢ B.
We then have that a ¢ AN B. Since a € A, we have that a € AU B, and therefore a € AAB. Now,

AAB = AN B, therefore a € AN B, therefore a € B, a contradiction.
Conclusion : All cases lead to a contradiction, which means that there is no a € A, and therefore
A=10.

4. Let C € P(E). Show that AAB = AAC if and only if B = C.
If B =C, then it is clear that AAB = AAC.
Now suppose AAB = AAC', and show that B = C'. Again, we will proceed by double inclusion.
Let us show that B C C. Let b € B. There are several possibilities :

a/ If b € A, then it is in AN B, and therefore cannot be in AAB. As AAB = AAC' by hypothesis,
b¢ AAC. Since b € A, it must be in ANC, and b € C.
b/ Ifb¢ A, then it isin AUB\ANB=AAB = AAC. Sobe AUC, butb ¢ A, therefore b € C.

In all cases, b € C. This being true for all b € B, we indeed have B C C.
Let us show that C' C B. The statement is symmetric in B and C, and B C C'.

Conclusion : B =C.



